A nonlinear, neoclassical, two-fluid theory of the interaction of a single-helicity magnetic island chain with a resonant error-field in a quasi-cylindrical, low-b, tokamak plasma is presented. In particular, the analysis of Fitzpatrick [Phys. Plasmas 25, 042503 (2018)] is generalized to take explicit time dependence into account. Aside from the ability to more accurately treat time-varying problems, the main physical effect that is introduced into the theory by the incorporation of explicit time dependence is ion inertia. The formalism developed in the paper is used to analyze two timevarying problems. First, the interaction of a pre-existing magnetic island chain with a resonant error-field. Second, an error-field-maintained magnetic island chain. The latter problem is of direct relevance to experiments in which deliberately applied, multi-harmonic, resonant magnetic perturbations are used to suppress edge localized modes (ELMs) in tokamak plasmas. Indeed, the predictions of the theory are strikingly similar to data recently obtained from ELM suppression experiments in the DIII-D tokamak [R. Nazikian et al., Nucl. Fusion 58, 106010 (2018)]. Published by AIP Publishing. https://doi
I. INTRODUCTION
Error-fields, resonant in the so-called pedestal region at the edge of the plasma, are sometimes deliberately applied to tokamak discharges in order to suppress edge localized modes (ELMs). [1] [2] [3] [4] Deliberately, the applied error-fields are usually referred to as resonant magnetic perturbations (RMPs). The mechanism by which RMPs suppress ELMs is not fully understood. It is thought that ELMs are triggered when the pedestal width exceeds a critical value. 5 The most plausible working hypothesis is that the RMP generates a locked magnetic island chain just inside the top of the pedestal, inhibiting the growth of the pedestal width, and, thereby, maintaining the ELM-free state. 6 The aim of this paper is to present a nonlinear, neoclassical, two-fluid theory of the interaction of a single-helicity magnetic island chain with a resonant error-field in a quasicylindrical, low-b, tokamak plasma. (The theory is "nonlinear" in the sense that it is an extension of the standard Rutherford island theory; 7, 8 it is "neoclassical" because it incorporates neoclassical ion and electron stress tensors; and it is "two-fluid" in the sense that the ion and electron fluid velocities are significantly different from one another due to diamagnetic flows.) The calculation is performed using a model that was developed, and gradually improved, in Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The core of the model is a single-helicity version of the well-known four-field model of Hazeltine et al. 20 The core model is augmented by phenomenological terms representing anomalous cross-field particle and momentum transport due to small-scale plasma turbulence. Finally, the model includes approximate (i.e., flux-surface averaged) expressions for the divergences of the neoclassical ion and electron stress tensors. These expressions allow us to incorporate the bootstrap current, as well as neoclassical ion poloidal and perpendicular flow damping, into the analysis. This paper presents an extension of the analysis presented in Ref. 19 that allows for explicit time dependence in the aforementioned nonlinear, neoclassical, two-fluid model. Aside from the ability to more accurately treat time-varying problems, the main physical effect that is introduced into the model by the incorporation of explicit time dependence is ion inertia.
II. PRELIMINARY ANALYSIS

A. Introduction
Consider a large aspect-ratio, low-b, circular crosssection, tokamak plasma equilibrium of major radius R 0 , and toroidal magnetic field-strength B 0 . Let us adopt a righthanded, quasi-cylindrical, toroidal coordinate system (r, h, u) whose symmetry axis (r ¼ 0) coincides with the magnetic axis. The coordinate r also serves as a label for the unperturbed (by the island chain) magnetic flux-surfaces. Let the equilibrium toroidal magnetic field and toroidal plasma current both run in the þu direction.
Suppose that a helical magnetic island chain, with m h poloidal periods, and n u toroidal periods, is embedded in the aforementioned plasma. The island chain is assumed to be radially localized in the vicinity of its associated rational surface, minor radius r s , which is defined as the unperturbed magnetic flux-surface at which qðr s Þ ¼ m h =n u . Here, q(r) is the safety-factor profile. Let the full radial width of the island chain's magnetic separatrix be 4 w. In the following, it is assumed that r s /R 0 ( 1 and w/r s ( 1.
The plasma is conveniently divided into an inner region that comprises the plasma in the immediate vicinity of the rational surface (and includes the island chain), and an outer region that comprises the remainder of the plasma. As is well known, a linear, marginally-stable, ideal-MHD analysis suffices to calculate the mode structure in the outer region.
Let us assume that the linear, marginally-stable, ideal-MHD solution has been found in the outer region. In the absence of an external perturbation, such a solution is characterized by a single real parameter, D 0 (with units of inverse length), known as the tearing stability index. 21 
B. Fundamental definitions
All fields in the inner region are assumed to depend on the normalized radial coordinate X ¼ ðr À r s Þ=w and the helical angle f ¼ m h h À n u u À / p ðtÞ, but may also depend explicitly on time, t. In particular, the electron number density, electron temperature, and ion temperature profiles in the inner region take the forms nðX; f; tÞ ¼ n 0 ð1 þ dn=n 0 Þ; T e ðX; f; tÞ ¼ T e0 ð1 þ g e dn=n 0 Þ; T i ðX; f; tÞ ¼ T i0 ð1 þ g i dn= n 0 Þ, respectively. Here, n 0 , T e0 ; T i0 , g e , and g i are uniform constants. Moreover, ð@=@XÞ½dnðX; f; tÞ=n 0 ! Àw=L n as jXj ! 1, where L n > 0 is the density gradient scale-length at the rational surface. Note that we are assuming, for the sake of simplicity, that dT e =T e0 ¼ g e dn=n 0 , and dT i =T i0 ¼ g i dn=n 0 , where dT e ¼ T e À T e0 . It follows that the flattening of the electron density profile within the magnetic separatrix of the island chain also implies the flattening of the electron and ion temperature profiles. Incidentally, the ion charge number is assumed to be unity.
It is convenient to define the poloidal wavenumber, k h ¼ m h =r s , the resonant safety-factor, q s ¼ m h =n u , the inverse aspect-ratio, s ¼ r s =R 0 , the ion diamagnetic speed, V Ãi ¼ T i0 ð1 þ g i Þ=ðe B 0 L n Þ, and the electron diamagnetic speed, V Ãe ¼ s V Ãi , where s ¼ ðT e0 =T i0 Þ ½ð1 þ g e Þ=ð1 þ g i Þ, the poloidal ion gyroradius, q hi ¼ ðq s = s Þ ½T i0 ð1 þ g i Þ= m i 1=2 ðm i =e B 0 Þ, and the ion beta, b i ¼ l 0 n 0 T i0 ð1 þ g i Þ=B 2 0 . All of these quantities are evaluated at the rational surface.
Here, e is the magnitude of the electron charge, and m i is the ion mass.
C. Fundamental fields
The fundamental dimensionless fields in our nonlinear, neoclassical, two-MHD model are 18 wðX; f;tÞ ¼ ðq s = s Þ ÂðL q =wÞ ðA k =B 0 wÞ; NðX; f;tÞ ¼ ðL n =wÞ ðdn=n 0 Þ, /ðX; f;tÞ
Here, A k is the component of the magnetic vector potential parallel to the equilibrium magnetic field (at the rational surface), L q > 0 is the safety-factor gradient scale-length at the rational surface, U is the electric scalar potential, v p is the normalized phase velocity of the island chain (in the laboratory frame), and V ki is the component of the ion fluid velocity parallel to the equilibrium magnetic field (at the rational surface). The four fundamental fields are the normalized helical magnetic flux, the normalized perturbed electron number density, the normalized electric scalar potential, and the normalized parallel ion velocity, respectively.
D. Nonlinear neoclassical two-fluid model
In the inner region, our nonlinear, neoclassical, two-MHD model takes the form 18 @ t ðw 2 wÞ
(1)
where
and 
Here, m e is the electron mass and L c is the mean radius of curvature of magnetic field-lines at the rational surface. The mean curvature is assumed to be favorable (i.e., L c > 0).
The quantities g k and g ? are the parallel and perpendicular plasma resistivities, respectively, whereas D ? is a phenomenological cross-flux-surface particle diffusivity (due to small-scale plasma turbulence), and l ?i a phenomenological cross-flux-surface ion viscosity (likewise, due to small-scale turbulence). All four of these quantities are evaluated at the rational surface, and are assumed to be constant across the inner region.
The quantities hi , ?i , and he are the poloidal ion, the perpendicular (i.e., "toroidal" 18 ) ion, and the poloidal electron neoclassical flow damping rates, respectively.
E. External toroidal momentum source
Suppose that the plasma is subject to an external toroidal momentum source, due, for instance, to unbalanced neutral beam injection. Let the source be such that, in the absence of the island chain, it increases the toroidal ion fluid velocity at the rational surface by DV ui . We can take this effect into account in our analysis by writing v ?i ! v ?i À DV ui , where
F. Spatial boundary conditions
Equations (1)- (5) are subject to the boundary conditions 18 wðX; f;tÞ ! 1 2 X 2 þ cos f;
@ X NðX; f;tÞ ! À1;
@ X /ðX; f;tÞ ! Àv;
@ X VðX; f;tÞ ! 0;
as jXj ! 1. Note that the fields wðX; f;tÞ; VðX; f;tÞ, and JðX; f;tÞ are even in X, whereas the fields NðX; f;tÞ and /ðX; f;tÞ are odd. Of course, all fields are periodic in f with period 2p. The boundary conditions (8)- (10) differ slightly from the corresponding boundary conditions appearing in Ref. 19 because the former set of boundary conditions constrain the radial gradients of NðX; f;tÞ; /ðX; f;tÞ, and VðX; f;tÞ a long way from the island chain, whereas the latter set constrain the actual values of these fields (which turns out to not be appropriate in a problem that incorporates explicit time dependence). In the time-independent limit, these two sets of boundary conditions are equivalent.
G. Island geometry
To the lowest order, we expect that 18 wðX; f;tÞ ¼ XðX;
in the inner region. In fact, this result, which is known as the constant-w approximation, holds as long as b ( 1. The contours of XðX; fÞ map out the magnetic flux-surfaces of a helical magnetic island chain whose O-points are located at X ¼ 0 and f ¼ p, and whose X-points are located at X ¼ 0 and f ¼ 0. The magnetic separatrix corresponds to X ¼ 1, the region enclosed by the separatrix to À1 X < 1, and the region outside the separatrix to X > 1.
H. Flux-surface average operator
The flux-surface average operator, hÁ Á Ái, is defined as the annihilator of ½A; X. In other words, h½A; Xi ¼ 0, for any field AðX; f;tÞ. It follows that hAðs; X; f;tÞi ¼ þ Aðs; X; f;tÞ
for 1 X, and hAðs; X; f;tÞi ¼
Aðs; X; f;tÞ þ AðÀs; X; f;tÞ
for À1 X < 1. Here, s ¼ sgn(X) and f 0 ¼ cos À1 ðXÞ, where 0 f 0 p.
It is helpful to defineÃ A À hAi=h1i. It follows that hÃi ¼ 0, for any field AðX; f;tÞ. It is also easily demonstrated that h½A; FðX;tÞi ¼ 0, for any flux-surface function FðX;tÞ.
I. Asymptotic matching
Standard asymptotic matching between the inner and outer regions yields 7, 8, 22 the island width evolution equation
and the island phase evolution equation
hJ cos fi dX; (16)
Note that we are assuming that the plasma is subject to a resonant error-field. Here, 4 w v is the full radial width of the vacuum island chain (i.e., the island chain obtained by naively superimposing the vacuum error-field onto the unperturbed plasma equilibrium), and / p becomes the helical phase-shift between the true island chain and the vacuum island chain.
The first term on the right-hand side of Eq. (14) governs the intrinsic stability of the island chain. (The chain is intrinsically stable if D 0 < 0, and vice versa.) The second term represents the effect of the error-field on island width evolution. The final term represents the effect of helical currents flowing in the inner region on island width evolution. The first term on the right-hand side of Eq. (15) represents the electromagnetic locking torque exerted on the plasma in the inner region by the error-field. The second term represents the drag torque due to the combined effects of ion inertia, poloidal ion neoclassical flow damping, perpendicular ion neoclassical flow damping, and ion viscosity.
J. Expansion procedure
Equations (1)- (5) are solved, subject to the boundary conditions (7)-(10), via an expansion in two small parameters, D and d, where D n d ( 1. The expansion procedure is as follows. First, the coordinates X and f are assumed to be OðD 0 d 0 Þ. Next, some particular ordering scheme is adopted for the sixteen physics parameters v hi , v he , v, s, a n , a c , , q, b, hi ; ?i ; he , g, D, l, and @ t . The fields w, N, /, V, and J are then expanded in the form wðX; fÞ ¼ P i;j¼0;1 w i;j ðX; fÞ, et cetera, where w i;j $ OðD i d j Þ. Finally, Eqs. (1)- (5) are solved order by order, subject to the boundary conditions (7)- (10).
The reasoning behind the expansion procedure is discussed in detail in Ref. 19 .
III. FUNDAMENTAL ANALYSIS
A. Ordering scheme The adopted ordering scheme is
s; a n ; q;
This ordering scheme is suitable for a constant-w (i.e., b ( 1), sonic 11 (i.e., a n $ 1), magnetic island chain whose radial width is similar to the ion poloidal gyroradius (i.e., q $1), and which is embedded in a large aspect-ratio (i.e., ( 1) tokamak plasma equilibrium with a relatively weak magnetic field-line curvature (i.e., a c ( 1). The plasma temperature is assumed to be sufficiently high, and the plasma collisionality consequently sufficiently low, that the various ion and electron neoclassical flow damping timescales, as well as the timescale on which current diffuses across the island chain, are all very much longer than a typical diamagnetic rotation timescale (i.e., hi ; ?i ; he ; g n 1). The island chain is assumed to be sufficiently wide that the typical timescales on which density and momentum diffuse across the inner region are both very much longer than a typical diamagnetic rotation timescale (i.e., D, l n 1). Finally, the island chain is assumed to evolve on a timescale that is very much longer than a typical diamagnetic rotation timescale (i.e., @ t n 1).
Equations (7), (11) , and (22) give
Equation (21) implies that
where J 0 ðX;tÞ is an arbitrary flux-surface function.
Equations (8)- (10) and (18)- (20) can be satisfied if
where / 0 ðX;tÞ; N 0 ðX;tÞ, and V 0 ðX;tÞ are arbitrary fluxsurface functions. Note that, by symmetry, / 0 ¼ N 0 ¼ 0 inside the separatrix, which means that the electron number density and temperature profiles are flattened in this region. Let
LðX;tÞ ¼ À@ X N 0 :
Equations (8) and (9) yield
Lð1;tÞ
Again, by symmetry, M ¼ L ¼ 0 inside the separatrix. Finally, Eq. (10) implies that (4) and (24)- (26) give
It follows, with the aid of Eqs. (28) and (29) , that
Finally, it is easily demonstrated that hX ½J 0 ; Xi ¼ hX ½J 0;1 ; Xi ¼ 0. 18 In other words, neither J 0 nor J 0,1 contribute to the sine integral, J s [see Eq. (17) ]. Thus, in order to calculate J s , and, hence, to determine the phase velocity of the island chain [see Eq. (15)], we must expand to higher order. The higher-order expansion is also necessary to determine the unknown flux-surface functions, J 0 ðX;tÞ, MðX;tÞ; LðX;tÞ, and V 0 ðX;tÞ. (1)- (4) and (23)- (27) yield
It follows from Eqs. (11), (28), (29), and (35) that
from Eq. (36) that
from Eq. (37) that
and from Eq. (38) that The flux-surface average of Eq. (39) yields
e ¼ m e =ðn 0 e 2 g k Þ is the electron collision time.
The flux-surface average of Eq. (40) gives
This equation must be solved in the interval 1 X < 1 (recall that N 0 ¼ 0 in the interval À1 X < 1), subject to the boundary conditions [see Eqs. (29) and (31)]
The flux-surface average of Eq. (41) yields
where L ¼ À@ X N 0 . This equation must be solved in the interval 1 X < 1 (recall that V 0 ¼ 0 in the interval À1 X < 1), subject to the boundary conditions [see Eq. (32)]
Finally, the flux-surface average of Eq. (42) gives
Making use of the boundary conditions (30)- (32), the previous equation can be integrated to producê
Hence, we deduce that
LðX;tÞ: (52)
F. Evaluation of cosine integral
According to Eqs. (11), (16), (24), (34) , and (43)
and s R ¼ l 0 r 2 s =½g k ð1 þ he s e Þ is the neoclassically reduced resistive evolution timescale at the rational surface.
H. Island width evolution equation
Making use of Eqs. (14) and (53)- (57), the island width evolution equation reduces to
I. Island phase evolution equation
According to Eqs. (15) and (58), the island phase evolution equation takes the form
Note that
IV. INTERACTION OF PRE-EXISTING MAGNETIC ISLAND CHAIN WITH RESONANT ERROR-FIELD
A. Introduction
Consider the interaction of a pre-existing magnetic island chain (i.e., an island chain that would be present in the absence of the error-field) with a resonant error-field. In the following analysis, it is assumed that the pre-existing island chain's width evolves on a much longer timescale than that associated with its phase evolution. In other words, s R w=r s ) m h =ðk h V Ãi jv ?i À v hi jÞ. (This is a realistic assumption because the resistive timescale, s R , is generally much longer than any other relevant timescale in a high temperature tokamak plasma.) In this case, it is reasonable to assume that the chain's width remains approximately constant as its phase changes in time. [In fact, the relative magnitude of the phase-induced modulations in the island width is of the order m h =ðk h V Ãi jv ?i À v hi j s R w=r s Þ ( 1.]
B. Density profile
The density profile in the vicinity of the island chain, N 0 ðX; tÞ, where t ¼ Dt, is determined by Eqs. (44)- (46), which can be written
Suppose that
which implies that D ) R , where R ( 1 is defined in Eq.
(173). In other words, suppose that the island chain's width evolves on a timescale that is much longer than that required for density to diffuse across the inner region. In this case, Eqs. (68) 
Thus, it follows from Eq. (29) that L ¼ LðXÞ, where
C. Derivation of island phase evolution equations
then, in the absence of the error-field, the island chain rotates in the electron diamagnetic direction (in the laboratory frame). On the other hand, if s i ¼ À1 then the island chain rotates in the ion diamagnetic direction. In fact, the island chain's so-called natural frequency 22 of rotation is d/ p /dt ¼ x 0 , where
This frequency should be compared to 082513-6 Richard Fitzpatrick Phys. Plasmas 25, 082513 (2018) x ?e ¼ k h V Ãi ðv ?i þ sÞ;
which are the natural frequencies calculated on the assumption that the island chain is convected by the electron fluid, rotates at the E Â B velocity, and is convected by the ion fluid, respectively. It follows that
Hence, we deduce that x 0 À x E < 0 for g i < 5.81, which implies that the natural frequency lies between x E and x ?i (unless g i is very large), as is generally observed in experiments. 24, 25 It is convenient to write
MðX; TÞ ¼ MðXÞ þ ðv ?i À v hi Þ mðX; TÞ:
It follows from Eqs. (52), (67), and (73) that
Hence, Eqs. (47)- (49) yield
and
Here, d X d=dX. The previous three equations possess the obvious solution V 0 ðXÞ ¼ 0:
Thus, it follows from Eq. (82) that
Equations (47)- (49) also yield
Furthermore, Eqs. (64)- (66) can be combined with the previous analysis contained in this section to give
Equations (86), (89), and (90) imply that
Here, we have made use of the fact that h1i hX
and Eqs. (89) and (91) yield
respectively. However, successive integration by parts reveals that
Thus, we arrive at the following closed set of equations that govern the phase evolution of the island chain:
(99)
Suppose that the term involving the normalized ion viscosity, l, can be neglected in Eq. (97). As explained in Ref. 18 , this approximation is valid provided that
Note that this expression automatically satisfies the boundary conditions (98), because h1i hX 2 i ! 1 as X ! 1, and h1i hX 2 i ! 1 as X ! 1. However, successive integration by parts yields
The previous expression can be combined with Eq. (99) to produce the following ordinary differential equation that governs the time evolution of the island phase:
We can identify the various terms that appear in the inviscid island phase evolution equation, (102). The term on the lefthand side represents the electromagnetic locking torque due to the error-field; the first term on the right-hand side represents intrinsic plasma rotation, the second term represents ion neoclassical flow damping, and the final term represents ion inertia. Let k ¼ ½ð1 þ XÞ=2 1=2 . It follows that
where AðkÞ and CðkÞ are defined in the Appendix, and
Thus, in the limit ) 1, we obtain
where I v1 ¼ 3:5724 Â 10 À1 and C 1 ¼ 1.8182 Â 10
À1
. In the opposite limit,
( 1, we get
Here, I v0 ¼ 2 1=4 p, and
where CðxÞ is a gamma function. Note that the C n are all positive, and are decreasing functions of n. In particular, C 1 ¼ 3/4. Incidentally, the results (111) and (112) follow because A C ! 1 þ 1=ð32 k 4 Þ as k !1.
E. Locked solutions
Let us search for the so-called locked solutions of the inviscid island phase evolution equation, (102), in which the island phase, / 
, exceeds the critical value unity. In this case, the two possible solutions are
Likewise, for the second solution, we can write
Substituting into Eq. (102), and then linearizing, we obtain
where s v ¼ þ1 for the first solution, and s v ¼ À1 for the second. Consider the high perpendicular ion neoclassical flow damping limit, ) 1. It follows from Eqs. (110) and (119) that
where q ¼ c p, and
Given that P n¼2;1 q n ¼ q 2 =ð1 À qÞ, provided jqj < 1, Eq. (120) can be written in the form
where 
where q ¼ ðc= Þ p, and
with Figure 1 shows the function G(q). Now, a given solution is stable if q > 0, and unstable otherwise. It is again clear that the solution in which the island chain locks in a destabilizing phase relation with respect to the error-field (i.e., v > 0) is stable, whereas the solution in which the chain locks in a stabilizing phase relation (i.e., v < 0) is unstable.
In conclusion, a stable locked solution is possible provided k v > 1. The solution is such that sin / 
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Richard Fitzpatrick Phys. Plasmas 25, 082513 (2018) the island phase, / 0 p , varies in time. Such solutions are more difficult to find than locked solutions because of the highly nonlinear nature of the left-hand side of Eq. (102). However, progress can be made by treating the ion inertia parameter, c, as a small quantity (i.e., c ( 1).
Neglecting terms in Eq. (102) that are Oðc 2 Þ or smaller, we obtain
To the lowest order in c,
which implies that
Hence, to the first order in C 1 , we get
The normalized rotation period of the island chain takes the form
Note that the rotation period goes to infinity as the locking parameter approaches the critical value unity; this result indicates that only locked solutions exist for k v > 1. Furthermore, the rotation period is independent of the effective ion inertia parameter, C 1 . Equation (130) can be integrated to give
assuming that T ¼ 0 when / 0 p ¼ p=2. Figures 2-4 illustrate the typical time evolution of the island phase predicted by the previous expression. (We have adopted unrealistically large values of c in order to make the effect of ion inertia more apparent in these figures.) It can be seen that as the locking parameter, k v , increases toward the critical value unity, the island rotation becomes more and more uneven, because the electromagnetic locking torque causes the rotation to slow down when sin / 0 p > 0 and to speed up when sin / 0 p < 0. However, in the absence of ion inertia (i.e., C 1 ¼ 0), the island chain spends as much time having a stabilizing phase relation with respect to the error-field (i.e., cos / 0 p < 0) as it does having a destabilizing phase relation (i.e., cos / 0 p > 0). On the other hand, in the presence of ion inertia (i.e., C 1 > 0), the island chain spends slightly more time having a stabilizing phase relation with respect to the error-field than it does having a destabilizing phase relation. 22 The toroidal ion fluid velocity is given by
However, Eqs. (93) and (96) reveal that, to the first order in the ion inertia parameter, c, 
whereas that many island widths distant from the rational surface is
Here, use has been made of Eqs. (129) and (130). Figures  2-4 also illustrate the typical time evolution of the perturbed toroidal ion fluid velocity associated with rotating solutions of the inviscid island phase evolution equation. It can be seen that the ion fluid velocity inside the island separatrix speeds up and slows down in tandem with the island rotation. Note, however, that finite ion inertia introduces a time lag into the response of the ion fluid velocity to the acceleration of the island chain. It can also be seen that, in the absence of ion inertia (i.e., if c ¼ 0), there is no perturbation to the toroidal ion fluid velocity a long way from the island chain.
On the other hand, in the presence of finite inertia, the perturbation a long way from the island chain is finite and roughly sinusoidal, but becomes increasing impulsive as the locking parameter, k v , approaches the critical magnitude unity (the same is true of the perturbation inside the separatrix).
G. Period-averaged solutions
Let us define a period-average operator 
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Richard Fitzpatrick Phys. Plasmas 25, 082513 (2018) that averages over the rotation period of the island chain. It follows that
If we define
then we can combine the previous results with the results of Sec. IV E to produce
Equations (145)- (149) are now valid for both rotating and locked solutions. It follows from Eqs. (135), (136), (145), and (146) that
Here, use has been made of Eqs. (61)- (63), (73), (80), (81), (87), (88), and (103). Thus, it follows from Eqs. (148) and (155)- (157) that
Here, the functions AðkÞ; CðkÞ; DðkÞ, and EðkÞ are defined in the Appendix. It is relatively straightforward to demonstrate that I p1 ¼ I p2 ¼ I p0 in the large perpendicular ion neoclassical flow damping limit, ) 1, whereas I p1 ¼ I p2 ¼ 0 in the opposite limit, ( 1. Note that, for the sake of simplicity, we are neglecting the modification of the ion polarization term in the island width evolution equation due to the finite width of the separatrix boundary layer. 19 Obviously, Eq. (162) can be solved to determine the period-averaged island width, w (recalling that b, k v , a n , and a c are functions of w). For the sake of consistency, the solution must be such that w=r s ) m h =ðk h V Ãi jv ?i À v hi j s R Þ.
The first term within the square brackets in Eq. (162) represents the stabilizing/destabilizing effect of the errorfield, the second term represents the destabilizing effect of the perturbed bootstrap current, the third, fourth, and fifth terms represent the stabilizing/destabilizing effect of the perturbed ion polarization current, and the final term represents the stabilizing effect of the magnetic field-line curvature.
Ion inertia only affects the error-field term in Eq. (162). In fact, ion inertia causes a rotating island chain to spend slightly more time in a stabilizing phase relation with respect to the error-field than in a destabilizing phase relation (see Sec. IV F). It follows that, in the presence of ion inertia, the error-field has a net stabilizing effect on the island chain, as long the chain is rotating. 22 Of course, the island chain always locks to the error-field in a destabilizing phase relation (see Sec. IV E). Hence, a rotating island chain is stabilized by a resonant error-field, whereas a locked island chain is destabilized. It can be seen, from Eq. (144), first, that the stabilizing effect of the error-field approaches zero as the locking parameter, k v , approaches zero; second, that the stabilizing effect also approaches zero as the locking parameter approaches the critical value unity; and, finally, that the stabilizing effect attains its maximum value when k v ¼ ffiffi ffi 3 p =2. Note that the bootstrap and curvature terms in Eq. (162) are both independent of the island locking parameter (i.e., they are the same for rotating and locked island chains). On the other hand, in the large perpendicular ion neoclassical flow damping limit, ) 1, the ion polarization term is different for rotating and locked island chains. In particular, the polarization term takes the form b ðr s =wÞ I p0 ðv hi À 1Þ v hi for a freely rotating island chain (i.e., k v ¼ 0), and takes the form b ðr s =wÞ I p0 ðv ?i À 1Þ v ?i for a locked island chain. 19 The former form is usually stabilizing (i.e., negative), whereas the latter can be destabilizing (especially in the presence of a strong external toroidal momentum source). 19 
V. ERROR-FIELD-MAINTAINED MAGNETIC ISLAND CHAIN A. Introduction
Suppose that the plasma equilibrium is tearing stable (i.e., D 0 < 0), which implies that the magnetic island chain is maintained in the plasma by the action of the resonant errorfield (i.e., there would be no island chain in the absence of the error-field). In this case, the island width is forced to evolve on the same timescale as the island phase. [30] [31] [32] In order to investigate this problem, we shall adopt a simplified model in which the bootstrap, ion polarization, and magnetic field-line curvature terms are neglected in the island width evolution equation, ion viscosity is neglected in the island phase evolution equation, and all terms in the inviscid island phase evolution equation that are quadratic (or higher order) in the ion inertia parameter, c, are also neglected. Furthermore, we shall assume that the analysis of Sec. IV B remains valid (which implies that the island width evolves on a timescale that is much longer than that required for density to diffuse across the inner region). It follows from Eqs. (59) and (127) 2018) where
If / 
where F 0 ¼ dF=d/ p . However, the previous equation is simply a damped harmonic oscillator equation, which is known to have stable equilibria when
Hence, the stable solutions of Eq. (178) are such that
, where
It follows that stable locked solutions are only possible when the so-called unlocking parameter, d v , exceeds the critical value d v unlock . Moreover, the solutions are all such that cos / p ¼ cos / 0 p > 0: i.e., such that the island chain locks in a destabilizing phase relation with respect to the error-field. Incidentally, it is valid to neglect the time dependence of the island width when assessing the stability of locked solutions because we are assuming that R ( 1 [see Eq. (171)]. 
Equations (171) and (172) yield
Note that we expect n $ Oð1Þ for rotating solutions. It follows that rotating solutions are characterized by much smaller (by a factor 1= 1=3 R ) island widths than locked solutions. Hence, for rotating solutions, the so-called shielding factor (i.e., the factor by which the reconnected flux at the rational surface is reduced relative to the locked solution) is of order 1= 2=3 R . 30 Given that R ( 1 and n $ Oð1Þ, Eq. (183) reduces to
Now, to the lowest order in f v and C 1 , Eq. (184) gives
Here, / 0 p0 is chosen such that nð/ 0 p0 þ pÞ ¼ 0. In other words, the rotating island chain is born at zero width with the helical phase / 0 p0 . However, the plasma rotation forces the island phase, / 0 p , to continually increase in time [see Eq. (189)]. This phase increase initially moves the chain into a destabilizing phase relation with the error-field, causing its width to increase in time. Eventually, however, the rotation forces the chain into a stabilizing phase relation with the error-field, and its width consequently decreases. The width reaches zero again when the helical phase attains the value nð/ 0 p0 þ pÞ ¼ 0, at which point the phase jumps discontinuously to 2p þ / 0 p0 , and the process repeats itself ad infinitum. The discontinuous jump in helical phase of p radians is associated with the conversion of the island O-points into X-points, and vice versa (i.e., with a reversal in the sign of the reconnected magnetic flux at the rational surface). 32 Figure 5 shows the birth phase, / 0 p0 , plotted as a function of the locking parameter, f v , for various values of the ion inertia parameter, c. It can be seen that the birth phase is always close to zero, and is a weakly decreasing function of c.
The normalized rotation period of the island chain is , we deduce that, for the case of an error-field-maintained island chain, there is considerable hysteresis in the locking/unlocking process. In other words, once an error-field has exceeded the critical magnitude required to produce a locked island chain, the magnitude of the error-field must be reduced by a large factor before the locked chain starts to rotate again (and its width is, consequently, considerably reduced). 30 This behavior is in marked contrast to that discussed in Sec. IV, where, for the case of a pre-existing island chain, the locked and unlocked solutions have approximately the same width, and there is no hysteresis in the locking/unlocking process. Equation (191) can be integrated to give
Moreover, making use of Eqs. (133), (134), (190) , and (191), the perturbed toroidal ion fluid velocity (divided by the magnitude of the unperturbed velocity) inside the island separatrix is
Figures 7-9 illustrate the typical time evolution of the island phase, the normalized island width n 1=3 ¼ w=ð
1=3
R w v Þ, and the perturbed toroidal ion fluid velocity, associated with rotating solutions of the inviscid island phase evolution equation. It can be seen that the phase evolution of a rotating errorfield-maintained magnetic island chain is similar to that of a pre-existing island chain (see Figs. 2-4) , except for the presence of discontinuous phase jumps in the former case. These jumps are necessitated by the fact that an error-field-maintained island chain cannot exist in a phase relationship with the error-field that is such that sin / 0 p < 0 [see Eq. (188)]. The jumps can only occur when the island width falls instantaneously to zero, and are such that the island's helical phase advances by s i p radians (i.e., the island O-points are converted into X-points, and vice versa). 32 It can also be seen that the time evolution of the perturbed toroidal ion fluid velocity associated a rotating error-field-maintained magnetic island chain interacting with a resonant error-field is fairly similar to that of a pre-existing island chain (see Figs. 2-4 ). The main difference is that, in the former case, the fluid velocity inside the separatrix only shifts in the direction associated with island deceleration. As before, finite ion inertia introduces a time lag into the response of the ion fluid velocity to the acceleration of the island chain, and also gives rise to a finite perturbation (whose average over the rotation period of the island is zero) of the toroidal ion fluid velocity many island widths distant from the island separatrix. FIG. 7 . Time evolution of a rotating error-field-maintained magnetic island chain. The solid, dashed, and dotted curves are calculated with f v ¼ 0.25 and c ¼ 0.1, 1.0, and 2.0, respectively. The, first (from the top), second, third, and fourth panels show the island phase, the normalized island width, the perturbed toroidal ion fluid velocity inside the separatrix, and the perturbed toroidal ion fluid velocity many island widths distant from the separatrix, respectively. The natural frequency is in the electron diamagnetic direction (i.e., s i ¼ þ1). The calculation is made in the large perpendicular ion neoclassical flow damping limit, ) 1, in which C 1 ¼ 0:18182 c. 
VI. SUMMARY AND DISCUSSION
This paper investigates the interaction of a singlehelicity magnetic island chain with a resonant error-field in a quasi-cylindrical, low-b, tokamak plasma. In particular, the nonlinear, neoclassical, two-fluid treatment of the problem presented in Ref. 19 is generalized to allow for explicit time dependence. Aside from the ability to more accurately treat time-varying problems, the main physical effect that is introduced into the model by the incorporation of explicit time dependence is ion inertia.
The incorporation of explicit time dependence [i.e., including the @/@t terms on the left-hand sides of the governing nonlinear, neoclassical, and two-fluid equations, (1)-(4)] necessitates a slight modification of the spatial boundary conditions, (7)- (10) . To be more exact, in this paper, the spatial gradients of the density, scalar potential, and parallel ion velocity, rather than the actual values of these quantities, are fixed a long way from the island chain. Furthermore, when determining the flow profiles in the vicinity of a timedependent island chain, it is found to be more convenient to FIG. 8 . Time evolution of a rotating error-field-maintained magnetic island chain. The solid, dashed, and dotted curves are calculated with f v ¼ 0.75 and c ¼ 0.1, 1.0, and 2.0, respectively. The, first (from the top), second, third, and fourth panels show the island phase, the normalized island width, the perturbed toroidal ion fluid velocity inside the separatrix, and the perturbed toroidal ion fluid velocity many island widths distant from the separatrix, respectively. The natural frequency is in the ion diamagnetic direction (i.e., s i ¼ À1). The calculation is made in the large perpendicular ion neoclassical flow damping limit, ) 1, in which C 1 ¼ 0:18182 c.
FIG. 9
. Time evolution of a rotating error-field-maintained magnetic island chain. The solid, dashed, and dotted curves are calculated with f v ¼ 0.99 and c ¼ 0.1, 1.0, and 2.0, respectively. The, first (from the top), second, third, and fourth panels show the island phase, the normalized island width, the perturbed toroidal ion fluid velocity inside the separatrix, and the perturbed toroidal ion fluid velocity many island widths distant from the separatrix, respectively. The natural frequency is in the ion diamagnetic direction (i.e., s i ¼ À1). The calculation is made in the large perpendicular ion neoclassical flow damping limit, ) 1, in which C 1 ¼ 0:18182 c.
082513-17 Richard Fitzpatrick
Phys. Plasmas 25, 082513 (2018) express all quantities in terms of the parallel ion velocity, rather than the ion stream function (as was our previous practice). After considerable analysis, we are able to derive a closed set of equations, (97)-(99), that govern the phase evolution of a magnetic island chain interacting with a resonant error-field. One of these equations, (97), is a time-dependent, second-order, partial differential equation for the perturbed parallel ion velocity profile outside the island separatrix; this equation must be solved subject to a pair of straightforward spatial boundary conditions, (98). The final equation, (99), is an integral equation, involving the parallel ion velocity profile that implicitly determines the island phase.
In the limit in which ion viscosity can be neglected with respect to ion neoclassical flow damping, the previously mentioned closed set of equations can be reduced to a single, infinite-order, ordinary differential equation, (102), that explicitly determines the evolution of the island phase. Finally, in the limit when ion inertia is relatively small, the previously mentioned infinite-order, ordinary differential equation simplifies to give a second-order, ordinary differential equation, (127) that has the same mathematical form as the equation of motion of a simple pendulum subject to a constant torque. Most of the analysis presented in this paper is performed using this simplified phase evolution equation.
In Sec. IV, we investigate the interaction of a preexisting island chain with a resonant error-field. In this case, it is reasonable to assume that the island width evolves on a much longer timescale than the island phase (given that the resistive timescale is usually much longer than any other relevant timescale in the problem). We find that there are two types of solution. First, locked solutions in which the island phase relative to the error-field is constant (which implies that the island chain is stationary in the laboratory frame). Second, rotating solutions in which the island phase increases (or decreases) continually in time. One novel feature of our analysis is the existence of an exact analytic form, (132), for rotating solutions of the phase evolution equation. Only rotating solutions exist when the so-called locking parameter, k v [see Eq. (103)], lies below the critical value unity, whereas only locked solutions exist when k v exceeds unity. The (stable) locked solutions are all such that the island chain is destabilized by the error-field. As the locking parameter approaches the critical value unity, the island rotation becomes increasingly uneven, under the action of the electromagnetic torque exerted by the errorfield. However, in the absence of ion inertia, the island chain spends as much time having a stabilizing phase relation with respect to the error-field as it does having a destabilizing phase relation. On the other hand, in the presence of ion inertia, the island chain spends slightly more time having a stabilizing phase relation with respect to the error-field than it does having a destabilizing phase relation. The net result is that a rotating island chain is stabilized via interaction with a resonant error-field, whereas a locked island chain is destabilized.
Ion inertia introduces a time lag into the response of the toroidal ion fluid velocity in the vicinity of the magnetic island chain to the chain's acceleration. Ion inertia also gives rise to a transient response of the toroidal ion fluid velocity many island widths distant from the separatrix to the island acceleration. (In the absence of ion inertia, this response is zero, due to the action of perpendicular neoclassical ion flow damping.)
The mean island width is determined by averaging the island width evolution equation over the rotation period of the island chain. Locked and rotating solutions have similar widths. The terms in the island width evolution equation due to the perturbed bootstrap current and magnetic field-line curvature are found to take the same forms for both rotating and locked solutions. However, the term due to the perturbed ion polarization current can be different for rotating and locked solutions. In fact, the polarization term is usually stabilizing for freely rotating island chains, and usually destabilizing for locked island chains.
In Sec. V, we investigate the time evolution of an errorfield-maintained magnetic island chain. The width of such a chain is forced to evolve on the same timescale as its phase. As before, there are two types of solutions: locked solutions and rotating solutions. Moreover, the locked solutions are such that the island chain is destabilized by the error-field. However, unlike the case of a pre-existing island chain, rotating solutions are found to have considerably smaller widths than locked solutions. Furthermore, there is significant hysteresis in the locking/unlocking process: i.e., once the error-field amplitude has exceeded the critical value required to convert a rotating solution into a locked solution, the amplitude must be decreased by a considerable factor in order to trigger the reverse transition. The width of a rotating error-field-maintained magnetic island chain pulsates in time, and periodically dips to zero. Moreover, the time evolution of the phase of a rotating error-field-maintained magnetic island chain is characterized by sudden phase jumps of p radians that occur each time the island width dips to zero. These jumps take place because it is impossible for an errorfield-maintained island chain to exist in a certain range of phase relations with the error-field.
The time evolution of the toroidal ion fluid velocity associated with an error-field-maintained magnetic island chain is fairly similar to that of a pre-existing island chain, except that the fluid velocity inside the separatrix only shifts in the direction associated with island deceleration. As before, finite ion inertia introduces a time lag into the response of the toroidal ion fluid velocity to the acceleration of the island chain, and also gives rise to a perturbation of the toroidal ion fluid velocity many island widths distant from the island separatrix.
The analysis described in Sec. V has obvious relevance to ELM suppression experiments using deliberately applied, multi-harmonic, RMPs. In such experiments, the RMP is resonant at multiple rational surfaces, close to the edge of the plasma, which are all tearing stable. Now, the pedestal region of a conventional tokamak plasma is sufficiently hot that the widths of linear tearing layers are extremely small. In fact, the layer widths are so small that any detectible magnetic perturbation emanating from a rational surface almost certainly lies in the nonlinear regime in which the island width exceeds the linear layer width. Furthermore, given that the rational surfaces in question are tearing stable, any magnetic islands driven at these surfaces must be maintained by the RMP. Thus, as long as the island chains driven at the various rational surfaces are forced to rotate with respect to the RMP, due to the action of plasma flow, their widths are suppressed considerably below the level expected by naively superposing the vacuum RMP onto the plasma equilibrium. The model traces shown in Figs. 7-9 are remarkably similar in form to the experimental traces reproduced in Fig. 29 of Ref. 33 . This suggests that the experimental traces correspond to RMP-maintained rotating magnetic island chains, resonant at various different rational surfaces in the plasma pedestal, whose directions of rotation are the same as those at which naturally unstable island chains, resonant at the same rational surfaces, would propagate. Incidentally, the experimental data shown in Fig. 29 of Ref. 33 , in which RMP-maintained magnetic island chains are forced to rotate, in an uneven fashion, by plasma rotation, can only be explained on the basis of nonlinear physics. The linear magnetic response of the plasma would be locked to the RMP, albeit with a phase-shift in the direction of the plasma rotation. 30 The width of a rotating RPM-supported magnetic island chain generated at a given rational surface by a given RMP scales as jx 0 j À1=3 , where x 0 is the natural frequency (i.e., the frequency of propagation of a naturally unstable island chain, with the same rational surface, in the absence of an RMP) defined in Eq. (74). This suggests that the driven width is particularly large if jx 0 j ' 0 (although, jx 0 j cannot be too close to zero, otherwise the island chain will lock). Note, however, that the condition jx 0 j ' 0 is not equivalent to the oft-quoted condition jx ?e j ' 0 (Ref. 34) (see Sec. IV C). The latter result is only valid in linear physics.
